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1 Introduction 

Loop Quantum Gravity (LQG) is an attempt to make a background independent, non-perturbative quantization of 
4-dimensional General Relativity (GR) - for reviews, see [1-3]. It is inspired by the classical formulation of GR as a 
dynamical theory of connections. Starting from this formulation, the kinematics of LQG is well-studied and results in 
a successful kinematical framework (see the corresponding chapters in the books [1]), which is also unique in a certain 
sense [5]. However, the framework of the dynamics in LQG is still largely open so far. There are two main approaches 
to the dynamics of LQG, they are (1) the Operator formalism of LQG, which follows the spirit of Dirac quantization 
or reduced phase space quantization of constrained dynamical system, and performs a canonical quantization of GR 
[6]; (2) the Path integral formulation of LQG, which is currently understood in terms of the Spin- foam Models (SFMs) 
[3, 7-10]. The relation between these two approaches is well-understood in the case of 3-dimensional gravity [11], while 
for 4-dimensional gravity, the situation is much more complicated and there are some attempts [12] for relating these 
two approaches. 

The present article is concerning the framework of spin-foam models. The current spin-foam models for quantum 
gravity are mostly inspired by the 4-dimensional Plebanski formulation of GR [13] (Plebanski-Holst formulation by 
including the Barbero-Immirzi parameter 7), which is a BF theory constrained by the condition that the B field should 
be "simple" i.e. there is a tetrad field such that B = *(e A e). Currently one of the successful spin- foam model 
for Lorentzian signature is the EPRL spin-foam model defined in [8], whose implementation of simplicity constraint is 
understood in the sense of [14]. The semiclassical limit of EPRL spin-foam model is shown to be well-behaved in the 
sense of [15]. 

However the EPRL model, as well as all the other spin-foam models defined with a classical group, suffer the 
problem of infra-red divergence, i.e. their full spin-foam amplitudes are always divergent because of the sum over face 
spins jf, which takes values from zero to infinity. It is expected that this infra-red divergence will be regularized if 
we deform the spin-foam model from a classical group to a quantum group (see [16] for an introduction of quantum 
group). For 3-dimensional gravity, the Turaev-Viro model [17] is a deformation of the Ponzano-Regge model [18] by 
the quantum group Ug(su2) {q is a root of unity). The partition function of the Turaev-Viro model are finite and 
defines some invariants of 3-manifolds, because there is a quantum group cut-off of the admissible spin jf on each face. 
Moreover, the semiclassical limit of Turaev-Viro amplitude gives the 3-dimensional Regge action with a cosmological 
constant [19]. In 4-dimensions, the Crane- Yetter spin- foam model [20] is a deformation of 4-dimensional SU(2) BF 
theory (the Ooguri model [21]) by Ug(su2) {q is a root of unity). Similar to 3-dimensional case, the partition function 
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of the Crane- Yetter model is finite and defines a topological invariant of 4-nianifolds [22] . Moreover the Crane- Yctter 
partition function is also the partition function of 4-dimensional SU(2) BF theory with a cosmological constant. 

The lessons from 3-dimensional gravity and 4-dimensional topological field theory suggest that the quantum group 
deformation of 4-dimensional spin-foam models for quantum gravity will hopefully gives a finite partition function, 
which can be considered as a spin-foam model for quantum gravity with a cosmological constant. And it is also 
interesting to study the deformation of the Lorentzian spin-foam models by the non-compact quantum group Ug(s[2C) 
(quantum Lorentz group [23]). There are early pioneer works for q-deformed LQG [24]. There are also an early 
investigation about the deformation of Barrett-Crane model by the quantum Lorentz group [25], where it is shown 
the deformation gave a finite spin-foam partition function. 

In the present article, we study the deformation of the Lorentzian EPRL spin-foam model by the quantum Lorentz 
group U<j(s[2C). Finally we will show that thus a deformation gives a finite spin-foam partition function. This work 
are motivated by the fact that the Lorentzian EPRL model has well-behaved semiclassical asymptotics in the sense of 
[15], thus there is a good chance for us to obtain a quantum group spin- foam model whose semiclassical limit recovers 
the discrete gravity with a cosmological constant (see the open problem No. 16 in the first reference of [3]). 

Here is an outline of the article: 

In Section 2 and Section 3, we review the facts about the compact quantum group Uq(su2) and the (non-compact) 
quantum Lorentz group Ug(s[2C). We also review the results about the harmonic analysis on the quantum Lorentz 
group [26], which is the main mathematical tool for the present work. 

In Section 4, we define a quantum group deformation of the Lorentzian EPRL intertwiner (quantum group rela- 
tivistic intertwiner), which gives a well-defined Ug(s[2C) intertwiner. 

In Section 5, we define a quantum group Lorentzian vertex amplitude, which is considered as a quantum group 
deformation of the Lorentzian EPRL vertex amplitude. And we show the finiteness of this q-Lorentzian vertex 
amplitude. 

In Section 6, we write down a finite partition function for a spin-foam model with quantum Lorentz group. 



2 Compact Quantum Group Uq(su2) 

First of all, we introduce some conventions and notations, we define a real deformation parameter q — e^" G ]0: ![■ 
The quantum groups recover the corresponding classical groups as g — !■ 1 or cj — !■ 0. Given an complex number z G C, 
the deformed q-number [z] is defined by 

As (7 — > 1, the deformed number recovers its classical limit, i.e. limg_i.i[z] = z. For any non-negative integer n, we can 
define the deformed factorials 

[0]! = 1 [n]!:=[l][2]...[n] (2.2) 

We recall the definition of the quantum group Uq(su2) and review the basic facts about Ug(su2) (see [16] for 
details. We follow the conventions and notations of [26]) 

The quantum group Ug(su2) is the universal enveloping algebra generated by four generators q'^'^' and J± with 
the algebraic relations 

q±J.qTJ. = 1 qJ^J^q-J^ = q±^J^ [J_^, J_] = ^''^ ' ^ ''"^ (2.3) 

q-q 

The comultiplication A : Ug(su2) — > Ug(su2) (8i Ug(su2), as an algebra morphism, is defined by 

A(g±-^0 = g*-^^ (g> q^-^' A(J±) = q--^' (g) J± + J±(g> q^' (2.4) 
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The counit e : Uq(su2) — > C, as an algebra morphisni, is defined by 

£(J±)=0 e{q^-'') = l (2.5) 
The antipode S : Uq(su2) Uq(su2)°^ ™^ ^, as a bialgebra morphism, is defined by 

S{J+) = -J+q-^'^^ S{J_) = -q^-''J_ S{q^^') = q"^^' (2.6) 
Moreover there is a ★-structure 

W''y = q-'' r±=q^'JT (2-7) 

As 9 — > 1, the quantum group Uq(su2) recovers the universal enveloping algebra U(su2) [16]. 
One can immediately check from the definition of the antipode that for all x G \]q{su2) 

S\x) = q^^'xq-"^-^^ (2.8) 

The quantum group Uq(su2) is a ribbon quasi-triangular Hopf algebra. A quasi-triangular Hopf algebra A has a extra 
structure which is a invertible element R ^ A® A satisfying some conditions [16]. R is called a universal R-matrix. 
Let's write R ~ ® hi, then the element u = S{bi)ai is invertible, its inverse u^^ — S^'^{bi)ai (assuming 

the antipode is invertible). Then we have for all a; G yl 

S^{x) = uxu^^ A{u) = (w ® u){R2iRr^ = (i?2ii?)"^(u «) u) (2.9) 

A quasi-triangular Hopf algebra v4 is a ribbon Hopf ★-algebra, if and only if there exists an invertible central element 
6 such that 

A{0) = {R2iR)-^{e(E)0) e{e)^l S{e)^0 (2.10) 

A useful element ^ is defined hy ^ — O^^u, it will be used to define the quantum trace, as will be seen later. For the 
quantum group Uq(su2), the universal R-matrix is given by^ 



^ = ^2,/.«,7.g(«-.-)(r'^J+«J-.-'=) ^i^g^g e^^Va-"^^ (2.11) 

^ ^ — ^ \h.\ 



OO h. 



and the central element and the element /i is given by 

61 = g^' /i = (^^' (2.12) 

where Cq is the quantum Casimir element which will equal —2K{K + 1) on the unitary irreps of Ug(su2). 

The unitary representations of Uq(su2) are completely reducible, and unitary irreps are completely classified by 
a couple (cli, K) G {1. — 1} x ^N. The appearance of lo comes from the existence of the automorphism of Ug(su2) 
defined by T^{q'^') = i^q'^' , t^{J+) = and t^{J-) = J-, which doesn't have classical counterpart. In the 

following we only consider the unitary irreps with ui = 1. We denote by /rr(Ug(su2)) the set of all equivalent classes 
of unitary irreps with uj — 1. Each of the unitary irreps tt^ G /rr (Ug(su2)) is labeled by a negative half- integer K (a 
spin). The carrier space is denoted by Vk which has dimension 2K + 1. The representation of Ug(su2) on Vk is given 
concretely by 

n'^iq'^) = ^^(J±) e^, = q^^/^lK ± m + 1][K T m] (2.13) 



^H°P is the "opposite" Hopf algebra defined by reversing the multiplication of H, while H'^°P is the "coopposite" Hopf algebra defined 
by reversing the comultipliction of H. 

^The R-matrix and the 8 center are defined because \Jq(su2) is defined as a topological Hopf algebra, see [16] for precise discussion. 
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where (m = —K^ ■ ■ ■ ,K) is the canonical basis. Given M E End{Vx:), the quantum trace trq{M) is defined by 
tTq{M) = tTVj{^J'^^ M). The definition of quantum trace is important for the proper definition of quantum group 
characters. In particular the q-dimcnsion is given by [cIk] — trg(l) — [2K + 1]. 

We have the Clebsch-Gordan decomposition of the tensor product representations, as the case of classical SU(2) 
group 

i+J 

TT^(E)Tr-'= vr^ (2.14) 

K=\I-J\ 

For any three unitary irreps tt^, tt'^, tt^, we define the Clebsch-Gordan maps ipfj E Hom(V7 (g) Vj,Vk) and (/)|/ E 
Hom(VK, Vi (g) Vj). We define a function Y{I, J, K) 

Y{I, J,K) = 1 if I + J - K, J + K - I , K + I - J E Z+ 

Y{I,J,K)^0 otherwise (2.15) 

When Y{I,J,K) ~ 0, we have — 4>^^ — 0. When Y{I,J,K) ^ 0, '>Pu^4>k nonzero and defined by the 
quantum Clebsch-Gordan coefficients: 



I J 

a b 



(2.16) 



The detailed properties of the quantum Clebsch-Gordan coefficients is summarized in [26]. 

We define the linear forms it^^ = {^a {')\^b') j from which we obtain a Hopf ^-algebra Pol(U5(su2)) of the 
polynomial functions on the quantum group Ug(su2): 

The polynomial algebra Pol(Uq(su2)) over U5(su2) is a Hopf ^-algebra linearly spanned by {u^tlie-'a b=-i---i: 
with the following algebraic relations 



'^Wi = 51 '"^'/'/S which implies ii^a "1^2 = "2 "1^1 

K 

c 

e{u^b) = Sab ^7(1) = 

5(«f,) = < uli ^1 where w^, = Sa^-bQ^i-l)' 

c.d 

{u^,r^S{ut) i.e. zi^(u^')t=«^(^^)t = l (2.17) 

All the above algebraic relations realize that Pol(Ug(su2)) is the dual Hopf ★-algebra of Uq(su2). 

Pol(Uq(5U2)) can equivalently be defined by the enveloping algebra of the matrix elements of u^^^, with the above 
algebraic relations. More explicitly, Pol(Ug(su2)) is the Hopf ★-algebra generated by the elements of 

satisfying the relations 

qab = ha qac = ca qbd = db qcd = dc 

be = cb ad — da = {q^^ — q)bc ad — q~^bc = 1 

A{a) ^ a<^ a + b<g) c A{b) =^ b ig) d + a ® b A(c) = c (g) a + d (g) c A(d) = d g) d + c g) 6 

a*^d d* ^a b* = -q-^c c* = -qb 5(u^f ) = (w^'f )'' (2.19) 

In addition, we can define a norm on Pol(Uq(su2)) by 

||a;|| := sup||7r(x)|| V x e Pol(U5(su2)) (2.20) 
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where the supremum is taken over all unitary representations of Pol(Ug(su2)). After the completion of Pol(Ug(su2)) 
with this norm, we obtain a unital C*-algebra which contains the Hopf ^-algebra Pol(Ug(su2)) as a dense domain. 
We denote the resulting C*-algebra by SUg(2), which is a example of compact matrix quantum group defined by 
Woronowicz [27]. 

Given a Hopf 7k-algebra A, a right invariant integral hj^ (or, left invariant integral h^) of A is a element in the 
dual Hopf algebra A* , satisfying 

{h^.^^idjA — rjohji or {id® h^)/^ ~ rj o 

hnia*) = hR{a) or hLia*) ^hijaj y a (E A (2.21) 

For any compact quantum group, there exists a unique positive, normalized, left and right invariant integral, 
namely a Haar integral [27]. For SUg(2), it is defined explicitly by 

hsu,(2){u!^b)^SK,o- (2.22) 



3 Quantum Lorentz Group 

Here we collect some basic facts about the quantum Lorentz group Uq(s[2C) with q — e^" e]0, 1[ and its harmonic 
analysis, see [23, 26] for details. We follow the same convention as [26]. 

The quantum deformation of the s^C enveloping algebra can be constructed via a quantum double of Ug(su2), i.e. 

U,(S[2C) ~ U,(SU2) ® Pol(U,(su2))™P (3.1) 

where (§> means that the Uq(su2)(8)l and l(E)Po^(V q{su2)Y°^ don't commutative. See e.g. [16] for a detailed introduction 
for quantum double and the construction of universal R-matrix. 

The unitary irreps of Uq(sl2C) is classified in [28] (see also [26]). Here we only consider the principle series, which 
involves in the Plancherel theorem. The unitary irreps in the principle series are classified by a pair of numbers 
a = (m, p) where m e N is a nonnegative integer and p E ~j] = luj- We denote a principle series unitary irrep by 

a a a 

n and its carrier Hilbert space by V- V is infinite dimensional and completely reducible with respect to the subalgebra 
generated by the Uq(su2) generators J±,q'^', i.e. 



V-- 



V (3.2) 



K=i 



I 



where V is the carrier space for the Uq(su2) unitary irrep labeled by the spin /. 

One could define the space of the quantum analogue of functions on Uq(s[2C) "vanishing at infinity". Let's consider 

a dual space of Uq(s[2C), which is Uq(su2)* (g) Pol(U,(su2))* We define a dual basis {E]} in Pol(Uq(su2))* °^ such 
that 

<E)/u-: > = E]{u::) = sjj 5™ (3.3) 



K . K . 

-J „„„..^„„ E'^j is dual to the comultiplication of w^, 

following ^-algebra structure 



where we denote = w/-. The multiplication between E^, is dual to the comultiplication of w ' , so we can derive the 



k e: = 6jj {E]Y (3.4) 

J . 

which shows that the algebra generated by E'j is isomorphic to the ★-algebra ®/gN/2Mat27+i(C). It turns out that the 
elements in ®/gpj/2Mat2/+i(C) are the quantum analogs of compact supported functions on the quantum hyperboloid 
AN„, i.e 



'9' 



Fun,{ANg) = ®/gN/2Mat2/+i(C) (3.5) 
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Note that this algebra has no unit clement. One can endow this FundANg) a C*-norni by ||0/a/|| supj ||a/|| where 
1 1 a/ 1 1 is the usual supremum norm for finite dimensional matrix. The C* algebra Funo(AA'g), whose elements are the 
quantum analogs of functions vanishing at infinity, is defined by a completion of Fmic{ANq) — 0/gN/2Mat2/+i(C). 
On the other hand, the comultiplication between Ej can be computed by duality, which reads 



J,K \ 



n s 
J K 



: 



\e':®EI (3.6) 



TO r 



This comultiplication should be understood as the follows: ¥w[Vc{ANq) is endowed with a multiplier Hopf algebra [29], 
whose comultiplication A 

A : YnndANq) ^ M{¥unc{ANq) ® Func(AiVj) (3.7) 

where M{A) denote the algebra of multipliers of A. It is a consequence from the fact that we are considering a 
noncompact quantum group, ¥\n\c{ANq) doesn't have a unit element. Therefore the infinite sum in Eq.(3.6) should 
be understood in the sense of a multiplier. 

up to this point we endow Pol(Ug(su2)) a different ★-structure. We denote it by Pol(Ug(su2)') the new ★-algebra, 
and denote the previous by fcj as the basis of Pol(Uq(su2)'), while the new involution is defined by 

(kYf^S-'il) (3.8) 

Therefore we define the normed ★-algebra 

Fun,(U,(s(2C)) := Pol(U,(su2)') ® ¥nn,[ANq) (3.9) 

and the C'^-algebra 

Funo(Ug(s[2C)) := Fun(Ug(su2)') ® Funo(^iV,) (3.10) 

whose basis is denoted by 

(i;®if| (3.11) 

Moreover Func(Uq(s[2C)) is endowed with the structure of multiplier Hopf algebra, while its coalgebra structure on 
Pol(U^(su2)') €5 Func(AA^q) has to be twisted, since it is dual to a quantum double. The detailed multiplier Hopf 
algebra structure of Func(Uq(s[2C)) is shown in [23, 26]. We denote Fun(Uq(B[2C)) the set of affiliated elements to 
Funo(U,(sl2C))3. We have 

Fun(U5(s[2C)) = W Fun(U5(su2)') ® Mat2/+i(C) (3.12) 

Here ¥\nv{ANq) :— JI^^n Mat2/+i(C), whose elements are sequences (a/)jgK. They defines the left multipliers of 
¥m\o[ANq) by the definition (a/)(©/6/) := (Biajbj. Fun{ANq) := Y\j^HMa,t2i+i{C) is a Hopf ★-algebra by the 
relations 

{ai){bj) = (aibj) Aiai) = {c^Y aii^jKl j^k 

[aiY = (4) ry(l) = (1,), (3.13) 

where 1/ is the 2/ -I- 1 identity matrix. 

''Heuristically speaking, given a C* algebra A, a linear operator T : A — > A is a element afRliated to A, if the bounded functions of T 
are bounded multipliers. 
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Fmic{ANq) admits a right invariant integral defined by 



hAN,{E)) = [di] 



-li 



(3.14) 



Then the left and right invariant Haar integral of Func(Ug(s[2C)) is given hy h = /isu,(2) ® ^Aw, and 



Ik 



(3.15) 



With this Haar integral and the ★-structure on Func(Ug(s[2C)), we can define the inner product for any two 
elements in Func(Ug(s(2C)) and obtain a Hilbert space L^(Ug(s[2C)) after completion. 

The dual Func(Uq(sl2C))* is denoted by Uq(sl2C)"', which is also endowed with a multiplier Hopf algebra structure. 
Define the dual basis x =X'j(^ 9f in Uq(sl2C), dual to the basis x_4 =k]® Ef in Func(Uq(sl2C)), with the duality 
bracket 



Ai A2 Bii,i B2h' Ai 

<x:}® 9:?, kl\® e'^>:^ x:)® 9 



"^2 f^!''i^,^j^b'2\ .A,B,.A2B2<:a^.a2,blA 



0\ 02 0,2 



(3.16) 



Given a principle unitary irrep n labeled by a = {m^p)^ one can uniquely associate a unique representation 11 



D 



a h 
A B 



D 
d 



d 
D 



B C 
h' c 



(3.17) 



where denotes the canonical basis for the Ug(su2) irreps. A;^^(q;) are coefficients defined in terms of analytic 
continuation of Qj symbols of Uq(su2) and whose properties are studied in depth in [26]. The representation matrix 



element of 11 can be expanded in terms of the basis k)® Ei, i.e. 



ii(-) I eo = E^Sg(«) 



C,D 



A C 



D 

d 



d 
D 



C B \ A c 

kl.®El, 

CO 



a. a 

Given / G Func(Ug(s[2C)) (a smear function), we can define n [/] to be a element of End{v) by 

a <i / A . B,\ (A- B , \ 

n[/] :=^n x;®5f h[k\®E\-! 

AB ^ ^ ^ ^ 



(3.18) 



(3.19) 



where the sum only involve a finite number of nonzero terms. And the matrix of n [/] in the canonical basis Cq 
(A e ^, a = —A, ■ ■ ■ , A) only has a finite number of nonzero matrix elements. As a result we can define the character 



by a quantum trace 



-tr. (n (M"')n[/] 



(3.20) 



which is shown to be well-defined [26] by its invariance properties. 
The Plancherel formula for Uq(s[2C) is given by [26] 



00 „ In 

^ / 2, ^"^"^'^^ X{m,p)[f] dp = £(/) 

m=0 ■^^IJ^ 



where e is the counit of Func(Uq(s[2C)), and the Plancherel density P(m,p) is given by 



P{m,p) 



2tt 



1 — -^^mfi 



cosh(muj) — cos{ujp) 



(3.21) 



(3.22) 



*Uq(s(2C) contains Uq(sl2C) as a Hopf subalgcbra. 



-7- 



In addition, the 7?.-matrix of Ug(s[2C) is given by the construction of quantum double 

A 

7^"^ ^^X)®l®l®9{o s 



its matrix elements on principle unitary irreps are given by [26] 



( ?c «) I n ® n (7e) I ca ® f fc ) = ^a^I Y1 ^dbW) 

M 



C D , a , A B 

Be (8) I n «) n (7^ ^) | » 



M 



where w^,^= S^' -cQ^'^i-l)'^-''' and {w-^Y"' = 6a' -cq^-l)"^^"' ■ 



d c 

D C 

d c' 

D C 



M 
m 

A/' 
m 



(3.23) 



m 
M 

m 
M 



A B 
a b 

A b' 
a' b 



(3.24) 



4 Quantum Group Relativistic Intertwiner 

Now we generalize the definition of the Lorentzian EPRL intertwiner defined in [8] to the case of quantum Lorentz 
group. In [25] the quantum group generalization has been done for the Barrett-Crane spin-foam model. 
We denote the matrix element by a duality bracket 



Sal U{x) \ef,) EE < UA,a;B,b I X > 



(4.1) 



where x € Ug(s[2C). The Lorentzian q-relativistic intertwiner is defined by a linear map from a Ug(su2) intertwiner 
to a Uq(sl2C) intertwiner: 

Definition 4.1. • Given a unitary irreps A (nonnegative half- integers) of Uq(su2), we associate them with a 
principle unitary irreps a\A\ o/Uq(s[2C) by defining 

a[A]^{m[A],p[A]):={2A,2^A) (4.2) 

where 7 is the Barbero-Immirzi parameter. Since p G ["77177]; the spin A has to be restricted in A £ 



Given a n-valent Ug(su2) intertwiner {n > 2) 



C[A] € Invu,(.u2) (V <S)---(E)V) 



(4.3) 



with n unitary irreps A = (Ai,--- ,A„) 0/ Uq(su2), we define a Lorentzian q-relativistic intertwiner (or, a 
EPRLq intertwiner) A [A] by 



A[A]B,,b,,..;B„,b„ :=^C[A]'^--''" < (g) TlA^^aM. I A'"^x-^ > Kxa) 



(4.4) 



i=l 



where xa is a basis 0/ Func(Ug(s[2C)) and x^ is the dual basis, h — ft.Ug(su2) ^ ^an^ is the Haar integral of 
Fun,(U,(s[2C)). 

The above definition is a quantum group deformation of the n-valent Lorentzian EPRL intertwiner [8] Note that 
in the above definition the expression 



E < nA„a,;B.A | A^")^-^ > Hxa) 



A i=l 



U < riAi,ai;B,,6, I a;-^' > h{xAi ■ ■ ■ XA,J 



(4.5) 



Au--- ,A„ i=l 
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is a quatum analog of the classical Lorcntz group integral 

JSU2.C) 



(4.6) 



One can show the quantity Eq.(4.5) gives a invariant tensor under both left and right muhiphcation. We consider for 
example the right multiplication by y € U,(sl2C) 



^< (g)n I A(")(x^y) >h{xA) 

A 1=1 

We define a new basis J-^ := x^y and denote its dual basis by i^, then we have^ 

< x^, XB 5-^ x^,XB >=< x^ ® y, AxB >^ ^ < >< ^1 > 

(is) 



(4.7) 



(4.8) 



therefore we obtain a transformation of dual basis xb — X](Ke)^K Vt^'b right invariance of the Haar 

integral we have h(xB) = h(xB)- As a result 



^< (g)n |A(")(x-^y) >/i(x^) = ^< (g)n |A(")(5;-^) > ^i^) 



5]< (g)n I A(")(x-^) >h{xA) 

A i=l 



(4.9) 



which shows the invariance under right multiplication. The invariance under left multiplication can be shown similarly. 

Moreover we can show that the quantity Eq.(4.5) converges for n > 2: We employ the basis xa —k{® i? ^. in 

. I.J 

Func(Ug(s[2C)) and its dual basis x^ ^X]® 9f- Recah that 



{t\li{-)\e,) =5]Agg(a) 

We can compute that 

(ej n(i}®5f)|f6)=^ASg(«) 

CD 
CD 



A C 



D 
d 



d 
D 



CO 



(4.10) 
(4.11) 



A C 



A C 



D 



i k 
A J 



D 

d 

d' 

d 

d\ 

d I 



' d 

' d 
D 



C B 
c b 

c b' 

c b 

J b\ 

I b j 



gAIga 



(4.12) 



On the other hand for the Haar integral: 



h{ kil^E[\--- k: 



E\ 



= /^su,(2) i^kf^--- kt) ■ ■ ■ 5-'-~^'-5{\5l ■ ■ ■ Sil_^hA^/Ei\) 



(4.13) 



Here we are using Sweedler's sigma notation. 
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Insert these result into the definition of the quantum group intertwincr A[A]bi,6i;... ;s„,6„ we obtain its concrete 
expression 

Ai---A^ P=l 



^ c[A]---nE<B:(«[^p] 

{ P 5 J p t'^p tjpt ^P } 



0=1 D„ 



kp 




( dp 


Jp 




Jp 


dp J 


\Dp 


Ip 


bp) 



^su,(2) (kil--- kt) S'^'^S'^-'^ ■ ■ ■ 5'-^'-6l\6'l ■ ■ ■ Sil_^ [djj 'fi-^l 

n / ■ 7 



P=l Dp 



Ap J 



J Bp 
Ip hp 



Since C[A] is a Uq(su2) intertwiner and by the normalization of /isUg(2) 



E E E E^[A]^-^"n<B.("[^.]) 



(4.14) 





Dp\ 


( dp 


J 


Bp\ 


\Ap J 


dp J 


\Dp 


Ip 


bp) 



[dj]'f^-\^^ (4.15) 



where we have relabeled fc„ = In+i- Note that there is only one infinite sum in the above formula, and all the 
other summations are within a finite range. We define 



/ ip lp-\-i 


Dp\ 


( dp 


J 


Bp\ 


\Ap J 


dp J 


\Dp 




bp) 



Q({Ap,ip-Bp,hp},{Dp},j)= J2 '^^'wiH 

/i---i„,/„+i p=i 

The Clebsch-Gordan coefficients are bounded by one, so we obtain the bound 



71 

e(^{Ap,ip;Bp,bp},{Dp},j)\i^ [dj]{2J+ir-'ll{2Dp + l) 

p=i 



(4.16) 



(4.17) 



Moreover the asymptotics of A^£(a) has been studied in [26]. For a fixed a, as J goes to be large there exists 
Co{Ap, Bp, Rp) > 



|Alit''''(a)KCo(Ap,Bp,i?p)J(j 



2J 



(4.18) 



where Rp € 



Lemma 4.1. Given a U^(sl2C) unitary irrep a — {ni,p), and fix the index B of A^^{a) , the absolute value of the 
coefficients A^^(a), as a function of the labels C,A,D, is bounded by a linear function of C as C ^0. It implies that 
the above Co{Ap, Bp, Rp) is a linear function of J + Rp and independent of Ap, Bp. 



Proof: Wc prove the lemma inductively. First of all we consider A^*^ = A^^. From [26] we know that 



0'1,(T2 \ 



/ m 


C 






0-2 


1 


u 


CT2 






c 


TO / 



-2i<Ti p 



Because the Clebsch-Gordan coefficients are bounded by 1, we have 

|An< 5] l = (2C + l)(2i? + l) 



(4.19) 



(4.20) 



Therefore |A^'-^| is bounded by a linear function of C for a given B. 
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If we assume for a given B, |A^£| is bounded by a linear function of C, we consider |A^£_,_-^|. By using the 
following relation with quantum 6j-symbols [26] 



|A 



B C 



A 

1 n 



< 



[du]--[d 



D+l\ 



A D + l^'-D + l D I — 

K.U ^"CJ 



[d 



D + iJ 



c 



A D 




A B 

h U 




D U 



K 



D 



|A 



KU\ 
AD I 



(4.21) 



where the sum only contains four terms U — Czt^,K — Bzt^. By the fact that the quantum 6j-symbols are bounded 
by 1, we obtain 



A D + l^'-D + l D I — 2^ r , 1 1 r , 1 1 \^^AD I 



|A^ ^^,A 



K,U 



(4.22) 



-T is bounded and 



is also bounded if C 7^ 0. And from the explicit expression of J^f^^i ^ in [26] we can 



[d^^i]^ [dc 
check that there are a upper bound and a lower bound ai, 02 > such that 



-D4 



Therefore by the assumption that |A^£| is bounded by a linear function of C, we conclude that [A 
bounded by a linear function of C. 



B c 

A D+l\ 



(4.23) 



is also 



□ 



Let's come back to Eq. (4. 15) and the coefficients A^^J^^ (a[Ap]). For each £)p, Dp = {\J — Ap\, ■ ■ ■ ,J + Ap}. Thus 
for each term in the sum J2dp '^^ about bound by setting Rp = Ap, Ap ~ 1, ■ ■ ■ . 

As a consequence, there exists a quadratic function C{Dp) > and a integer Af G Z+, such that 



J Di-D„ 



[dj] C[AY^■■■^^^e(^{Ap,^p;Bp,bp}ADp},J)]lA'J^^s^{a[Ap]) 

'i'l-'-'i-n 

^ E E C(Dp)j2"-ig2J(n-2) ^ ^ (constant) J^g^ 



jAf 2J{n-2) 



(4.24) 

./ -Di'-D,. J 

which shows the series converges absolutely when n > 2. So we see that A[A] is a well-defined Ug(s[2C) intertwiner. 

Given a Lorentzian quantum group relativistic intertwiner A[A] depending on n principle unitary irreps (a[^i], • • • , a[A„]), 
in principle the intertwiner A [A] depends on the ordering of the n unitary irreps (a[Ai], • • • , a[yl„]). More precisely, 
since we are dealing with a quasi-triangular Hopf algebra (actually even a ribbon Hopf algebra) with a universal 
7?,-matrix, the Uq(s[2C)-modules form a braided tensor category. Without losing generality, we consider an elemen- 
tary braiding r = T12 which is a flip of the first two irreps of (q;[Ai], • • • ,a[yl„]). We then have a isomorphism of 
U,(s[2C)-modules V V and V ^ V: 

ai Q2 Ct2 Oil 

(4.25) 



Vi (g) W2l-> CAi.Aal"! (X" ^2 ) := Ti2Rl2(Vl (X" W2 ) 



One can show that the isomorphism so defined is a solution of the Yang-Baxter equation [16]. Under this braiding the 
interwiner transforms to 



A[ri2A] Ca[Ai],a[A2] 



ri2(n) 



alAi 



L < 



n I A(")x-^ > rl27^l2 h{xA) 



=ri2(l) 



a[Ai 



J2 C[ti2A]ti2 L < (g) n I ri2A(")x-^ > 7^l2 Hxa) 



a[A, 



^C[A] L 7^l2 < (g n I A("'a;-^ > h{xA) 



(4.26) 



i=l 
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where we have ignored the indices for the tensor contraction but inserted a symbol l instead. And in the second step, 
we have used the flip relation Tj^j (H ® Wpn —M H- In the third step, we have used the breading relation for 
7?.-niatrix 

Ti2 o A(a;) = 7^l2A(:E)7^l2-l (4.27) 

Therefore from Eq.(4.26) we see that the braiding of the intertwiner is determined by the action of the Ug(s[2C) 
universal 7?.- matrix on the Ug(sU2) intertwiner C[A]. Restore the index notation: 

c[A].7^,2 = c[A]-•••-( 7^,2 (4.28) 

a[Ai]Q[A2] B b B b 

Recall the representation of 7?.-matrix Eq.(3.24), we see that for the nonzero matrix elements ( 72.12 ) a^\i '-a ' a ' 
Ai = Bi and oi = 61, but A2,a2 in general can be different from B2,b2- So C[A] l TZi2 is in general not a Ug(su2) 
intertwiner anymore. Therefore we conclude that the intertwiner A [A] is not invariant under braiding, in contrast to 
the deformed Barrett-Crane intertwiner defined in [25]. 

. a[A,] 

* a[A2] 

* a[Ai] 

* a [^4] 





A[A] A[ri2A] Ca[A^]^alA3] 

Figure 1. A 4-valent q-relativistic intertwiner A[A] and its braided intertwiner A[ri2A] Ca[Ai],a[A2]- 

So far we are considering the n-valent intertwiners where all its legs are outgoing, as Fig.l. However in general 
there is also intertwiners with both incoming and outgoing legs 

Definition 4.2. Given a (p + n)-valent Ug(su2) intertwiner {n+ p > 2) with p incoming legs and n outgoing legs 

C[B, A] e Invu,(su2) {V*®---®V*®V®---®V) (4.29) 

where we have assumed a simplest ordering of the tensor product (in general one may have different ordering), we 
define the (p + n)-valent q-relativistic intertwiner X[^, A] with p incoming legs and n outgoing legs by 

P a[B,] " a[A,] 

-E<(8) nK^,fc^;S.A|A°^(^)^(x^)>C[B,A]^--''-''--" <(g) nA^,a,,j^,j,\A^'''>x^>h{xBXA) (4.30) 

A,B 2 = 1 2 = 1 

where Xj\ is a basis 0/ Func(Uq(s[2C)) and is the dual basis, and S is the antipode. 
/\op(p) is the comultiplication by reversing the ordering of A^p-'. It is motivated by 

(S-^P (g) id®") o A(p+") = (A°''(P) ® A(")) o (S- ® id) o A (4.31) 

It is straightforward to show that A[B,A] is invariant under the right multiplication of by ?/ G Ug(s[2C)- 
Indeed if we denote Ay = ® and if we make a change of basis x'^ — x^yi and i"^ = x^y2i we have as before 

= < 2/1:^1 > and xa = Z^s^ ^\ < ^2,^^ >, then 

^XBXA = X! ^B^A < y^S:%x\ > (4.32) 



-12- 



As a result, 

P a[Bi] " a[A,] 

EE < n;^„fc.,B,,6,|A°P(P)5(a;«2;i) > C[B, A]"-"^-'^--" < (g) H | A(")(x-^y2) > Hx^x.^) 

A.,B y 1=1 1=1 
^ P a[Bi] " a[Ai] 

= E < ni^.,fc,;B,,6,|A°P(P)5(x'') > C[B, A]^--^'''--" < (g) nA„„,;j„,,|A(")x^ > (4.33) 

A.B i=l i=l 

shows A[B, A] is invariant under the right multiplication of by ?/ G Ug(s[2C). 
By the properties of the duality bracket 



1=1 

'[Bp] a[Sp-i] a[Bi] ^ 

p,/ip,jjp,up — jip_l,fcp_i;Bp_l,f)p_l ■ ■ ■ ^ Ki,ki;Bi,bi\S{x )> 



— < n Kp,kp;Bp,b._ 



— < S{ H Kp,kp:Bp,bp n Kp_i,fcp_i;Bp_i,bp_i • • • n |x > 



alBp 



< S( U Kuki;Bi,bi) S( ^ K2M;B2,b2) ' " ^ Kp,kp;Bp,bp)\x > 



(4.34) 



Because of the property of antipode on a matrix coalgebra S{IIij)Iljk = <5ife and the fact that n is a unitary 
representation^, we have {A'j^^{a) is real) 



k-B.b) 



^*B,b;K,k 
C,D 

E^B?(") 
C,D 



b' c' 






C K 


B C 






c k 


b' c! 






C K 


B C 




it 


c k 



i.ki,<^^Ei,r 



S-\k\)®El 



(4.36) 



Then we can compute concretely: 

A[B, A]if^_fel..._R-p,fcp;Jiji-J„j„ 

- E riAB:";(«[^^])| 

{Li,Mifii,Di} i=l 



Bi Li 



nii 



nAS:^'(a[A,]) 



c[B,A]''--^'--- /isu,(2)(n^"'(fc':)n^ai)^^A',(n^sn^<) 

n 

nAS:^'(a[A,]) 



Ai 



{Li,Mi,Ci,Di} 4=1 



Bi Li 



M, 
rui 



mi 



L^ K, 
li hi 



I ' J tl Lp — ]^ ri 1 P ' rt 



i=l 
J' 



A-i Ci 



di 



di 



di 



di 



Ci Ji 
Ji 



^i Ji 



E X{^B%HB, 

C,{Mi,Di} 1=1 



h[ k-i 
B, C 



m, 



rrii 
M,, 



C K, 



A, C 



d,. 



d., 
D, 



C J, 

Ci ji 



C[B,A]'''i-''p^<-< [dc] ,. <Sf' 



c„+i lp 



(4.37) 



where in the second step we use the fact that C[B,A] is a Ug(su2) invariant tensor, and the SUg(2) Haar integral 
is normalized. Similar to the previous analysis, we can show that the above infinite sum converges absolutely, and 
A[B, A] is not invariant under braiding. To summarize, we collect the results in this subsection as a theorem: 



unitary representation tt of a Hopf ^t-algebra satisfies ■nix)'^ = ■k{x*), then (in Sweedler's notation) 

^7r*i(xi)7rjfe(a;2) = '^i^ji(S-'^xl)'Kjj^{x2) = '^■Kji{S{xi)*)-Kjk{x2) = ^ tt^j (5(xi))7rjfe (2:2) = Sik (summing over j) (4.35) 



where we use the relations 7r*(x) = 7r(5 ^x*) and S o * = * o S ^ . 
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Theorem 4.2. The {p + n)-valent q-relativistic mtertwmer A[B, A] is a well-defined (finite) Uq(sl2C) intertwiner. It 
is a invariant tensor under right multiplication o/Ug(s[2C). And it is not invariant under braiding. 

5 A Finite q-Lorentzian Vertex Amplitudes 

Given a boundary spin-network graph 7, roughly speaking, a q-Lorentzian vertex amplitude Ay is defined by the 
following procedure: we associate each node n of the graph a q-relativistic intertwiner A„[B, A], where each outgo- 
ing/incoming leg of the intertwiner is associated with a outgoing/incomming link connecting with the node. According 
to the way how different nodes are linked to one another, we contract the q-relativistic intertwiners to one another, 
while for each crossing we should use the isomorphism Cq^.c^ : V ® V^V (8) 1/ to reverse the order of the irreps. 
More precisely: 

• We assign a preferred direction, say from the left to the right of this paper. Then we draw the spin-network 
graph 7 on the paper by ordering the nodes from left to right and connect the nodes by linkes. 

• We associate each link I of the graph 7 a Ug(s[2C) unitary irrep ai, I G L{j) (the set of links of 7). For each link 
I oriented from left to right, we make the following operation of the representation matrix element, and associate 
the link / with the following function: 

(id(8S')AnA,a;B;6 = X!nA,a;C;c(85(nC.c;S;0 = 11(1) (E)S {U(2) ) (5.1) 

where we have employed the Sweedler's sigma notation for the comultiplcation, and ignore the symbol for sum. 
Therefore the two factors 11(1) f^nd S[ 11(2) ) natually associated with the half-links, if we break the link I into 
two half-links. 

• Suppose there is a crossing between two links li and I2, and h and I2 don't share their end-points, we associate 
the following function to these two links 

n(i) (g>s{ n(3) )J [ n(i) (E)S{ n(3) )J <n(2) U(2),t^i2 > 
11(1) (E>s{ 11(3) ) (g> ri(i) (E)S{ rf(3) ) <ri(2) ® ^(2),7^^2^ > (5.2) 

When li and I2 share their end-point, the situation is the same as it was described previously (see Fig.l) 

• Whenever there is a link oriented from right to left, we associate it with the element — q^^^' , then the 
function associated to this link is 

5'( n(3) )«) n(i) <Il{2),^^r^> ^iv{x^pr^S{x'^))xB®XA =ii{pr^s^{x^)S{x'^))xB®XA 

= <n(i),M"l > S{ll(2)){x^ S{X^))XB ® XA 

= <n(i),M-' > [^(n(2))](i)®^([^(n(2))](2)) (5.3) 

• Collect the functions for all the links, make a (ordered) multiplication over the half-links sharing the same begin 
or final point, and make tensor produces over all the different half- links without sharing end-point. In the end 
we have |iV(7)| tensor product factors, where |A^(7)| denotes the number of nodes of the graph 7. The resulting 
function is called a relativistic q-spin- network 

• The vertex amplitude is defined by taking the (|./V(7)| — l)-fold Haar integral of the relativistic q-spin-network, 
i.e. 

A,[K, V] := (id ® (Z^) ®---® a,™,,,,) (5.4) 
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where is a basis vector in the space of Uq(su2) intertwiners, and the U^(su2) q- spin- network label [K, i7] shows 
that the vertex amplitude so defined is a function of Ug(su2) q-spin-networks. Note that in contrast to the BCg 
vertex amplitude defined in [25], Ay[K,iy] depends explicitly on the braidings of relativistic q- spin- network /-y. 
The vertex amplitude A^j can be also called a "spin-foam quantum trace" over N^j) q-relativistic intertwiners, 
here the word quantum refers to the appearance of the element in the contraction. 



5 




10 8 



Figure 2. The graph in [25] 



For example, we consider the Fg in Fig. 2 and write down its relativistic q-spin-network 
/r+ [5(n(2))](i) n(i) 0(1)0(1) ® 5(n(2)) 0(1)0(1)0(1) ^ 5( 0(3))^(0(2)) 0(i)0(i) 



1(1) 

5(0(2))^(0(3))5(0(2)) O 



< o (2) «) 0(2),7^ > 



(1) 



^(0(2))^(ff(2))5(0(2))^( [5(0(2))] 



1(2) 



<II(i),Ai ^ > 



(5.5) 



(y.iOL2 Oil ot2 CKi aia2 

then by the invariance of Haar integral and the braiding relation Jl 12111112 — 112111 7Z 12 (see appendix for details) 



0.4 Oil Q3 Qg 



(id ® h®^)j^ 
h 

S'( O )S'( 0(3) )S'( 0(2) ) 0(i) S'( 0(2) ) 0(2)0(2)0(2) <0(i),Ai"^ ><o"(i) n(2),7e > (5.6) 



S{ O ) 0(1)0(1)0(1) h S{ U (2) )S{ 0(2) ) 0(i)0(i) 



h 



a2 \ ^1 



ay ae ai 



aio as 



From the previous computation we have immediately (we ignore the factors which can be absorbed in to Ug(su2) 
intertwiners and doesn't contribute the infinite sum) 



h 



^4 ay a3 ag 
C,{Mi,Di} 



Q4 ay Q3 Qs 

S( O ) 0(1)0(1)0 



(1)11(1)11(1) 
64 I 

Bi C 



A4J7J3JS 

a-i jr 33 is 



M4 \ / m4 
ni4 I \ M4 



k 04 / ' ' \ArC 



DAfdr 



C J7 



\ CD3 , ^ / "3 C8 



C -^3 \ . CDs / ^ 
. A^sis("8) 
C3 J3 / 



as c 

^8 C 



^3 \ M3 

^3 ; v^3 

^ E Agfi''.(«4)ASf,;(a,)A5f/3(«3)ASfX(a8) \dcf x 

C,{Mi,Di) 

X (2C -f \f (2M4 -f 1) (2i:)7 + 1) (2D3 + 1) (2D8 + 1 



^8 \ Ms 



C8 J8 / 



(5.7) 
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fcio fea 16 0,2 



5( n(2))5(n(2)) n(i)n 



(1) 



^?io ^3 ie j2 



C,{M.,D,} V^IO O 



ag C2 
^6 C 



Mio 



mio 
Mio 



C i^io 
^10 fcio 



^3 ^10 



Ms 

TO3 



TO3 

M3 



^3 ^3 



02 C 
^2 C 



^6 \ Me 

< E Air)^.o("io)Ag3^3(a3)A5f;^(a6)A5f/^(a2) [dc]^ > 

C,{Mi,£)i} 

X (2C + 1)3 (2Mio + 1) (2M3 + 1) (2£)6 + 1) (2£>2 + 1) 



D2 
d2 



d2 
D2 



C2 J2 / 



(5.8) 



KgKsK2Ai , 
kg kg k2 ai"' 



5(n)5(n(3))5(n(2)) 



BgBsB2Ji 

bg bg 62 ji 



C,{Mi,£)i} 



&9 ^ 



^Bg C 

62 ^8 M2\ / rn2 

\B2 C 1712 ) \M2 

^ E Ag:$^(a9)Agf^^(as)Ag^^^(a2)A^f/^(ai) [rfc]^ x 

C,{Mi,_Di} 

x(2C + 1)3 (2M9 + 1) (2M8 + 1) (2M2 + 1) {2Di + 1) 




C Ka 



I9 fcg 



Aif^«(a8) 




(5.9) 



fc5 a7 ae ai 



_/ ^5 \ "-^o --^i 

o( 11(2) j 11(2)11(2)11(2) 

Ms A 



a7 ae cti 



= E Agfi,(a5) 



C,{Mi,£)i} 

ASfj;("6) 



B^JjJqJi 

^5 37 Jg jl 



c 



TO5 

Ms 



D7 



C J 7 



Og Ci 



C Jfi 



C6 J6 



ASfi,(ai) 



A^ C 



^6 \ / 

< E A^f^^^(a5)ASf/^(a,)A5fX(a6)A5fi^(ai)[rfc]^x 

C,{Mi,D,} 

X {2C + 1)3 (2M5 + 1) (2D7 + 1) (2£'6 + 1) (2^1 + 1) 



C Jl 

Cl jl 



(5.10) 



t",? < nV) « ^(2),7^ > = E a 

M 



J2 aio 

<'^t°CEAt^fM(2M+l) 



M 



m 



m 
M 



AlQ K2 

iio k2 



M 



As 

0,5 



<II(1),M"' =^^=^=^.^.9"'"' 



(5.11) 



(5.12) 



The above ^ means the bounds of the absohite values, where we use the fact that the Clebsch-Gordan coefficients arc 
bounded by 1. The integral (id(8) h®^)f-^+ is given by the product of the above factors and sum over {Mi,Di}, Jj, Ki 
and four C's (some Ji and Ki are contracted). We can observe the following results: 



• As C goes to be large there exists a linear function Co(C + R) > 

\^AB^''{a)\ < Co(C + R) Cq^^ = Co(C + R) Ce'^'^^ 



(5.13) 
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for any R E (C + Ri = Di) [26]. Since for each Di, Di = {\C — Ai\, ■ ■ ■ ,C + Ai}, thus for each term in the 
sum X]_D '^^^ tti^ about bound by setting Ri = Ai, Ai — 1, ■ ■ ■ . The same argument apphes to the sum 
of M,-. 



When C goes to be large [dc]"" 



q 



-4C _ g4LjC 



• Each Mi satisfies \Bi — C\ < Mi < Bi + C, and each Di satisfies \Ai ~ C\ < Di < Ai + C, so they are bounded 
hnearly by C's. 



From these resuhs we know that, as C goes to be large, each of the above integration contributes a 



y~^( const ant )C 



(5.14) 



for some power fc > 0. In addition, we also can see that 
• The factors 

/ a' c D^ 
[ A C d 



d 
D 



C J 
c j 



(5.15) 



are nonzero only when there is a overlap between {A + C, • • • , |^ — C|} and {C + J, • • • , |C — J|}, so when J 
goes to be large it has to be \ J — C\ < A + C, which gives J < 2C + A. Thus each Ji is linearly bounded by C. 
And the same argument and result applies to each Ki. 

• About the representation of the 7?,-matrix Eq.(5.11), from Lemma 4.1, \A"j^j^ {as)\ is bounded by a linear 
function C{M) while C{M) is independent of J2, i^2- Since M lies in the intersection of {| J2 — Aio|, ■ • • , J2 +^10} 
and {\K2 - Aiq\, ■■ ■ ,K2 + ^10}, the sum | J2m ^j2Kt^("8)(2M + 1)| is bounded by a third order polynomial 
function of J2 or K2 

• The sum over ji or ki gives (2Jj + 1) or {2Ki + 1). 
Therefore we conclude that there exists integers Afi , J\f2 , As , Af4 



|(id(^/i^4)/r+K J2 (constant) e-^"^ie-4'"^^e 



iujCi ^-iuC2 ^-iuC3 g-4a;C4 (jJ^i (J-^'^ 



(5.16) 



which converges absolutely. To summarize: 



Theorem 5.1. The Vt^ relativistic q- spin-network is integrable, and the vertex amplitude defined by relativistic 
q-spin-network is finite. 




Figure 3. The Tg graph. 
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We also consider the Tr in Fig. 3 and write down its relativistic q-spin-network 



[^(n(2))]n) n(i)n (1)0(1) ® ^( n(2) ) n(i)n(i)n(i) 



1(1) 



n(2) )5( n(3) )^( n(2) ) n(i) 

"8 "10 1 

<n(2) «) n (2),7^ > 

then by the invariance of Haar integral and the braiding relation, 

(id®/i®4)/r- 



s{ n(3))5(n(2)) n(i)n(i 
5(n(2))5(n(2))5(n(2))5([5(n(2))](,) 



<n(i),M > 

(5.17) 



5( n ) n(i)n(i)n(i) h s{ n (2) )5( n(2) ) n(i)n 



(1) 



, "9 s / «8 s , "2 . "1 

^(n)5(n(3))^(n(2)) n(i) 



s( n 



(2) 



ay ae cti 
11(2)11(2)11(2) 



<n(i),M ><n(2) «) n (l),7^ ' > (5.18) 



The only difference from Ft relativistic q-spin-network is the previous 7?.-matrix is replaced by 7?. ^. Recall that 



c 



D 



n 



n (7^-l) 



A 



efc 



M 



d c' 
D C 



M 
m 



m 
M 



Wc'c {W~')aa' (5.19) 

a I 



A A ' A A ' A A 

where Wc'c— 5c' -c (?^'^(— 1) and (w^^)ca' — ^a' -c<f{~^) ■ But the appearance of the factors Wc'c and (w~^)aa' 
doesn't affect the bound of the 7?.-matrix representations. Therefore in the same way as the previous arguments for 
q-spin-network, we obtain: 

Theorem 5.2. The Fg" relativistic q-spin-network is integrable, and the vertex amplitude defined by F^ relativistic 
q-spin-network is finite. 

Analogously, we can construct and compute the general vertex amplitudes with general relativistic q-spin-networks. 
The above arguments can be generalized to general relativistic q-spin-networks, provided that each node of the bound- 
ary graph is at least 3-valent. For each 2-valent node there would be a divergent sum C", since the [e~'^^'~^Y from 
I^aBI canceled by the e^"'-^ from [dcY' . For a given boundary graph with N nodes, it has {N — 1) integrals, each 
of which contributes a ^(^(constant)C'^e~^*^"~^-'"'^. For each crossing, it contributes a | '^j^.j K^f^ {a){2M + 1)| with is 
bounded by a polynomial function of J or while each J or K is linearly bounded by C . And note that the factors 
containing doesn't contribute to the infinite sum (in the same way as Eq.(5.12)) because of Eq.(5.3). So the sums 
over J's and K^s at most contribute a polynomial of C's for the bound (each C is associated with a node). Therefore 
in case that the decaying factor (jQggj^'t disappear for each node, the sums of C's converges absolutely. As 

a result. 

Theorem 5.3. The relativistic q-spin-network whose nodes are all at least 3-valent are integrable, and the correspond- 
ing vertex amplitude is finite. 

6 A Finite q-Lorentzian Spin-foam Model 

Now we can define a spin-foam model with quantum Lorcntz group by the following partition function as a deformation 
of EPRL spin-foam model: 



Kf=0 i^c / V 



(6.1) 



where /C is a 2-cell complex, whose vertices all correspond to integrable relativistic q-spin-network graphs. K f denote 
the Uq(su2) unitary irreps associated to each face and denote the Uq(su2) intertwiners associated to each edge. One 
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can see immediately that the spin-foam model so defined is finite, by the quantum group cut-off coming from the 
bound of the Ug(s[2C) unitary irreps. 

About the physics from the about finite partition function, we expect that its large-j asymptotics gives a discretized 
general relativity with positive cosmological constant A = i^/ip- More precisely we expect the following result: Given 
a vertex amplitude AylKf^Ve] for a 4-simplex (e.g. from or graph), we introduce a parameter A and replace 
each Kf by XKf and u by u/X {q ~ e^"). We send A oo wile keep Kf ^ In this limit, the vertex amplitude 
is expected to have the following asymptotic behavior with certain boundary data (Kf, Vf,)'- 



•2) 



where Ni,N2 are some polynomial functions of A. And ^RcggcA is the Regge action (at the vertex v) with a positive 
cosmological constant A ~ uj/£p [31]. But the detailed studies of the asymptotics will be a future research. 
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Appendix: Haar integral of Relativistic q-spin-networks 



Here we give the detailed derivation for Eq.(5.6). Given the F^ graph in Fig. 2 and write down its relativistic q-spin- 
network 

frt ^ 



[^(n(2))]n) n(i)n(i)H(i) ® 5( n(2) ) n(i)H(i)n 



1(1) 

^(n(2))^(H(3))5(n(2)) Hd) 



< n (2) «) ^(2),7^ > 



s{ n(3))^(H(2)) n(i)n(i) 



^(H(2))5(n(2))5(n(2))^([5(ri(2))](2)) <ri(i),/i 



(6.3) 



We are going to show 

Q4 , Q7 Q3 a 



s[ n ) H(i)n(i)n(i) h s[ vl (2) )S{ n(2) ) H(i)n(i) 



5'( ri)5'( 11(3) )S'(n(2)) 11(1) J 11(2)) n(2)ri(2)n(2) J <ri(i)'-" ^ >< n"(i) «) ^(2),7^ > 

(id ® /i^^)/r+ 



Oil X Ct\ 



Oif Qi 



(6.4) 



For each factor, we have from the invariance of Haar integration 



Q4 Q7 Q3 Qs 

^(h) H(i)H(i)H(i) 



= h S^^ H(i) S'^ H(i) 5"^ H(i)H 

07 Q4 r a4 Q7 as ag 



S H(2) S H(2) 5" H(2)H(i) /i S{ H(2) ) H(i)H(i)H(i) 



•5) 



, Oiia as ae ai 

S{, H(2))5(H(2)) H(i)H(i) 



a-2 ae "3 aio 

H(2) Hf2lHf3^ H 



L(2)il(3) 11 (2) 



= h 
a\Q 



1 "2 -1 ae a-i aio 

H(i) H(i)H(2) H 



(1) 

as 



(1)11(2) 11 (2) 



^( H(3))^(H(2)) H(i)H(i 



(6.6) 



09 as , , a2 X ai 

^(H)5(H(3))^(H(2)) H(i) 



S""' H(2)H(3)H(4)H(i) h S{ H(2) )5'( H(5) )S{ H(4) ) H(i 



r . ai a2 a8 ag 

H(i)H(2)H(3)H 

"8 , / "2 s "1 



(6.7) 
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, "5 s a? "6 «l 
S[ 11(2) ) 11(2)11(2)11(2) 



h 

\ ^1 "-i / \ ■-^u ^J. 

n(2))(i) n(3)n(3)n(3) n(2) )(2) n(4)n(4)n(4) 



Q7 CKg ai 



ay CKg Qi 



Q5 Q4 aio CK9 

We only need to check if we neglect the above h[- • -J's, the rest gives ['^'(11(2))] 11(1) H (i)n(i). We properly insert 
Eq.(6.7) into Eq.(6.8) 

'^(n(2))n) n(3)n(3)n(3) 5*" n(2)n(3)n(4)n(i) 



'(1) 
'(1) 

by X]a;^(2)'5' 2;(i) — £(a;)l. Then insert Eq.(6.6) between 11(3) ^''^d 11(4) 



5(n(2))(i) n (3) n (3) n (3) 0(4)0(1) (6.9) 



S[J^{2))(i) 11(3)11(3)11(3)5' 11(2)5' 11(2)11(3)11(2)11(4)11(1) 



'(1) 

Now we use the braiding relation 



(1) 

as Q7 as Qio as ag 

5(n(2))n) 0(3)0(3)0(2)0(4)0(1) (6.10) 



so we have 



aia as aio as Qs aio aio as 

< o (1) «) 0(3),7^ > o (2)0(4)=0(3) o (i)< o (2) «) 0(4),7^ > (6.11) 



as a7 Q3 as aio ag 

5(0(2))n. 0(3)0(3)0(3)0(1)0(1) (6.12) 



as aio 

Finally we insert Eq(6.5) between 0(3) and O 



(1) 

(3) a-iiLl 11 (1) 

(1) 



as a7 03 as ag 03 a7 04 aio "9 

5( 0(2) 0(3)0(3)0(3) 5 0(2) 5 0(2) 5 0(2)0(1)0(1)0(1) 



as , a4 aio ag 

= 5(0(2))(i) 0(1)0(1)0(1) (6-13) 
which proves Eq.(5.6). For F^ graph, Eq.(5.18) can be proved in the same way, with a different braiding relation 

as aio 1 aio as as aio as aio 

<0(3) «) o (l),7^ > o (2)0(4)=0(3) o (i)<0(4) «) o (2),7^ > (6.14) 
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